Abstract-In this paper, we propose a flexure spring based gravity compensation device which provides assistance to lift the forearm. Three different spring designs are obtained and evaluated. The synthesis method to obtain these is explained in detail and an experimental evaluation validates the desired gravity balancing properties. It is found that in comparison to a flexure spring with constant thickness, a variable thickness distribution along the spring leads to a drastic reduction of its width, which amounts to 81 % in the presented case, and offers an energy to weight ratio that is 94 % higher. Employing a nested spring design further increases the storable elastic energy of the variable thickness design by 145 % through utilization of the otherwise unused space within the original spring envelope. A proof-of-concept prototype is built to illustrate a practical implementation. The presented synthesis method provides a tool to obtain gravity balancing flexure springs that offer a promising solution for the design of assistive devices which aim to be both wearable and inconspicuous.
key role in restoring the ability to execute ADLs independently and enhancing social participation [1] , [2] .
A. State of the Art
Within the domain of assistive devices two categories can be distinguished: end-effectors and exoskeletons. These can be further subdivided by method of actuation [3] , [4] . While most of the commercially available arm supports are passive endeffector devices [3] , the benefits of wearable exoskeletons are evident, as they allow for close alignment to the body, offer a more natural range of motion, allow for independent balancing of the upper arm and forearm, and enable increased mobility for both ambulatory users as well as wheelchair-bound users [1] , [3] , [5] , [6] . A significant growth of upper-limb exoskeletons occurred in the last decades [7] . Yet, remarkably, the majority of upper-limb exoskeletons have never been used in daily life by their intended target populations [3] . Numerous reasons can be found to explain why potential target groups refrain from using upper-limb exoskeletons outside of clinical settings. In terms of system acceptability, these can be classified as a lack of either functional acceptability or social acceptability [8] . In order to achieve high functionality and biomechanical compatibility a trend towards an ever increasing technical complexity can be observed [7] . However, an increase in functionality does not necessarily correspond to an improved usability or usefulness for the user. As is generally observed by the academic community, the cost-benefit ratio associated with the use of current assistive devices is in most cases unfavorable [1] , [2] , [3] , [4] , [7] , [8] . The most critical issue, as indicated by some authors, is the lack of social acceptability due to appearance. Thus arose the demand to make future devices inconspicuous, for example, by making them wearable underneath clothing [1] , [8] .
In the light of these considerations and given the present state-of-the-art of actuation and energy storage technology, we argue that the most promising solutions are currently to be found in passive wearable exoskeletons with springbased gravity compensation. The number of devices which are designed to assist ADLs and feature these attributes, however, is very small. To the author's knowledge only four such devices exist at this point of time. The WREX [2] , [5] and the A-Gear [9] are devices that support both upper arm and forearm against gravity. The SpringWear [10] , [11] applies gravity compensation to the upper arm. The Wilmer elbow orthosis [12] supports the forearm. 
B. Research Approach
With the exception of the Wilmer elbow orthosis, which is wearable underneath clothing, critique towards the above mentioned devices mainly concerns their inadequate weight, size and conspicuity. Common features of these devices are the use of rigid link mechanisms and rubber bands, which are used to store potential energy. While rubber bands, loaded in tension, offer a very high specific energy, they rely on a rigid structure to which they attach. Without this structure the spring forces would induce inadmissible levels of shear to the skin.
In the broader field of robotics many spring-based gravity balancing mechanisms have been devised. However, in most cases these also use linear extension and compression springs in combination with rigid mechanisms [13] .
In order to build energy storing elements, i.e., springs, which do not induce high shear forces at their attachment points, we intend to explore the utilization of large stroke bending deformation for storing elastic strain energy. We hypothesize that by doing so we will be able to reduce the size of the frame and ultimately be able to refrain from using rigid linkages entirely. This aims to address the problems of the aforementioned assistive devices regarding their weight, size and conspicuity.
C. Scope
In the scope of this paper we design an elbow orthosis featuring a flexure spring that undergoes large deflections and balances the forearm against gravity when the upper arm maintains a low elevation angle. In previous work by Cheng et al. [14] , [15] it was shown that such flexure springs can be synthesized and used to balance a planar linkage, representing the upper arm and forearm. Similar work outside the scope of assistive devices was conducted by Radaelli and Herder [16] , [17] , [18] , where beam shapes have been synthesized that are used for general gravity balancing purposes. However, in all cases the resulting spring designs turn out to be large in respect to the amount of torque or force which they can deliver.
Therefore, as the first step towards our goal, this study does not yet attempt to minimize the shear forces exerted by the spring, but concentrates on finding ways to increase the specific energy and energy density of the spring, as these are fundamental key factors to make the use of such elements feasible in wearable devices.
The core of this study is the synthesis and experimental evaluation of three spring designs. The first spring, though different in topology and shape, is comparable to the design shown by Cheng et al. [15] , featuring a constant crosssection. It is consequently suffering from similar shortcomings. The synthesis method is extended, however, to additionally optimize the thickness distribution along the spring. Thereby, a second design is obtained which features major improvements in terms of its size to energy ratio. Furthermore, it enables concentric nesting of additional spring elements. This leads to the third design in which, by utilizing the otherwise unused space within the original spring envelope, the energy density is further increased.
These two novel approaches in the field -variable thickness distribution and concentric nesting -provide the theoretical framework to build gravity balancing flexure springs which can be smaller and lighter than the above mentioned comparable predecessors.
D. Structure
The main focus of this paper is on conveying the synthesis method by which the three spring designs were obtained. This is elaborated on in detail in the Synthesis section which follows this introduction. In order to verify the presented synthesis method a technical validation is conducted in a test bench environment, described in the Experiment section. The outcomes of both synthesis and experiment are shown in the Results section and are critically reflected upon in the Discussion section. In addition, an early proof-of-concept prototype is shown to illustrate the practical applicability. In the Conclusion section we concisely recapitulate the contents of this paper and attempt to put its contribution into the broader research context.
II. SYNTHESIS
In this section the synthesis method is described by which desired beam geometries and their respective dimensions are obtained.
A. Topology
We suppose that the forearm can be represented by a point mass m on a lever with length L rotating around a fixed point P representing the elbow joint. In order to statically balance this system a moment has to be generated that will counteract the moment generated by the point mass under the influence of gravity. To this end, a compliant curved beam which acts as a spring is clamped to the forearm link on one end and to the fixed world, representing the upper arm, on the other end. An idealized physical model topology can be seen in Figure 1 .
B. Task Definition
An angular displacement of the lever in the range of θ = [0 . . . π] rad is investigated, as this fully covers the range of motion of the human elbow joint. Ideally, the energy is exchanged reversibly between the spring and the mass, such that the total energy of the system remains constant for any angle θ . Since the potential energy of the mass is maximum at θ = 0 and the gravity forces are supported by the rigid linkage in this position, it is chosen as the initial position such that no pre-stress is required.
Our approach is to achieve mechanical equilibrium for the entire deflection range of θ . As a sufficient condition in this case, only the moments around the pivot P are observed. The moment generated by the mass under the influence of gravity is
where M g is the gravity moment and g is the gravitational acceleration constant. Consequently, the balancing moment M b is the additive inverse of M g , thus
C. Parametrization
The spring is considered mathematically as a beam. In order to optimize the beam, its geometry is described by an appropriate vector of design parameters. The parameter vector x is divided into three parts, of which the first two parts describe the shape of the neutral beam axis, and the third part determines the thickness distribution along the beam.
To obtain the shape of the neutral axis of the beam, a control polygon formed by an array of control points is interpolated using the piecewise biarc Hermite spline interpolation function rscvn() from the MATLAB Curve Fitting Toolbox. The start-point (x 0 , y 0 ) and end-point (x n , y n ) of the control polygon are directly described in terms of Cartesian coordinates. Since in its initial configuration both endpoints are defined to coincide with the vertical coordinate axis at x = 0, only the y-components [y 0 , y n ] are explicitly specified as variables in the parameter vector x. The positions of all intermediate points are determined using a linkage chain formulation as proposed by Radaelli and Herder [17] . To this end, the lengths l and relative angles ϕ of all links in the linkage chain are stored in the second part of the parameter vector x. As described by Radaelli and Herder [17] , [18] , this formulation enables efficient control of the distances between control points and of the relative angles between links through the use of bounds during the optimization. The parametrization of the neutral axis is depicted in Figure 2 .
In order to prescribe a stiffness variation along the beam an array of two or more thickness modifiers tm is appended to the parameter vector x. This yields the complete parameter vector of the form
D. Discretization & Analysis
To evaluate design parameter sets defined by x during the optimization routine numerical analyses are conducted using the flexible multibody dynamics software package SPACAR [19] . The mechanism is modeled using finite planar beam elements. Levers are modeled as rigid, massless beams. An extension of the two-node beam element is used, to model the flexible, pre-curved beams [20] .
Bending deformations of a single beam element in SPACAR are modeled using a cubic polynomial shape function that interpolates between its two nodes. Furthermore, each beam element possesses constant cross-sectional properties. Thus, in order to model a complex shaped beam with changing thickness it has to be discretized by multiple beam elements.
The nodal coordinates of these beam elements are obtained by linear subdivision of the neutral axis spline function according to its basic interval Figure 3 -a). However, the value of ψ is not directly proportional to the arc-length of the spline. As a result the beam element nodes are generally not evenly distributed along the neutral axis.
The thickness modifiers tm are linearly interpolated across these nodes, to obtain a refined thickness modifier tm r for each node (see Figure 3 -b). The median of two refined thickness modifiers tm r at both end-nodes of a beam element determines the discretized thickness modifier tm d for that element. To obtain the corresponding actual thickness t of that beam element, the dimensionless thickness modifier tm d is multiplied with a thickness base value t b , which provides the absolute scale (see Figure 3 -c).
E. Shape Optimization
The goal of the shape optimization is to find an ideal beam shape and stiffness distribution along the beam, which leads to optimal gravity balancing behavior while observing multiple constraints. The Genetic Algorithm function ga() from the MATLAB Global Optimization Toolbox is used for solving the minimization problem.
To obtain an optimal parameter set x * we consider a minimization problem for the cost function f (x). The function f (x) comprises the objective δ and a set of penalties p, which are multiplied by penalty coefficients k p .
The problem is subject to lower bounds b l and upper bounds b u . Furthermore, linear inequality constraints c l and non-linear inequality constraints c nl apply. The objective is to find a beam design that creates a negative sine-shaped moment curve as the lever travels from θ = 0 to θ = π rad. Assuming isotropic material properties, the shape of that moment curve is solely determined by the dimensionless beam shape and the relative stiffness distribution, as described by x. Therefore, the other design variables: actual in-plane size (i.e., scale), actual beam thickness, beam width and material properties can be determined separately and are chosen arbitrarily for the shape optimization. These remaining variables are obtained in a subsequent dimensioning step, described in Section II-F, that determines a mechanical feasible design based on desired metrics, such as the desired absolute moment amplitude and in-plane size, while considering maximum and minimum values of the beam thickness and beam width, respectively. This two-step procedure is used to reduce the amount of design variables that are optimized simultaneously, in order to minimize the design space for the computationally demanding shape optimization.
The discrete moment curveṀ generated by a certain spring design is determined in simulation and normalized by its absolute maximum amplitude|M| max . The objective δ is defined as the mean absolute error between the value of this normalized moment response and the value of the ideal moment characteristic −sin(θ ) at each angle θ k . where k is a discrete load step andn is the total number of load steps at which the objective is evaluated. Two linear constraints are used to limit both the sum of the lengths of the linkage chain links l and the relative angles ϕ, avoiding an excessive beam length and loops. The maximum permitted total length and angle are represented by Ł max and max , respectively.
Seven non-linear constraints are used of which one is treated as an option. The first non-linear constraint limits the distance between the end of the linkage chain (x n−1 , y n−1 ) and the endnode of the control polygon (x n , y n ). The maximum distance ł max is equal to the upper boundary b ul of the link lengths l.
The remaining non-linear constraint checks are carried out at discrete points 
(10) Thereby, mainly the position of the neutral axis in relation to the rotary joint is controlled. For an overview of the spatial constraints refer to Figure 4 .
To detect self-intersections of the neutral axis in the undeformed state an iterative procedure is conducted. Two line segments L 1 and L 2 are considered.
are determined. First the x-component of the intersection point I (i,j) of the two straight lines collinear with the line segments L 1 and L 2 , respectively, are determined.
Subsequently, a logic operation determines whether the intersection lies within both intervals L 1 and L 2 . The result is stored in the matrix n ×(i,j) .
Since the segments are linear it is sufficient to only consider the x-components. The sum of all elements in n ×(i,j) yields the total number of intersections n × . As self-intersections are not admissible, the limit value is zero. Thus, the respective constraint is c nl(6) = n × =n
The last nonlinear constraint is optional. It ensures, that the neutral axis encloses the rotary pivot P while maintaining a minimum distance d min . First, the MATLAB function inpolygon() is used to determine, if the polygon of all points
The result is stored in the Boolean variable , where = 1 indicates the joint being inside and = 0 it being outside the polygon. Next, the minimum distance between the polygon vertices and the pivot P is determined and depending on subtracted, respectively added to d min . Thus,
Two soft constraints are integrated into the cost function f (x) as penalties p, which are multiplied by a large penalty coefficient k p = 10 5 and added to the objective δ. They are used to avoid dedicated runs of the computationally expensive SPACAR simulation for the evaluation of non-linear constraints.
The first of these soft constraints limits the self-intersections for the entire deflection range. Analog to the prior introduced self-intersection constraint c nl(6) for the undeformed state, a self-intersection test is performed at every load step k. In this case, the evaluated line segments correspond to the positions of the beam element nodes given by the SPACAR simulation. The sum of all self-intersections for all load steps k = [1 . . .n] yields the scoren × , which shall equal zero. The respective penalty is
The second soft constraint limits relative stress concentrations along the beam, which are expressed by the ratio between the maximum stress in the most stressed beam element and the average maximum stress that each beam element endures during one load cycle. Each planar beam element has three discrete deformation modes e, which are each associated with a respective generalized stress σ . These deformation modes are elongation (e 1 , σ 1 ) and bending (e 2 , σ 2 ), (e 3 , σ 3 ) at each end-node, respectively.
The penalty p (2) is obtained by first separately evaluating the maximum absolute generalized stress per deformation mode which each beam element i endures throughout all load steps k.
Then, the maximum stress per deformation mode, for all load steps is determined as
Analogously, the mean per deformation mode is
The ratio between the maximum and the mean for each deformation mode is computed, and the highest ratio out of these yields the value λ.
If λ exceeds a predefined limit λ max , then the difference yields which equals the penalty p (2) .
F. Computation
Optimizations are conducted according to Section II-E using two sets of optimization parameters, Set A and Set B, that define the bounds b, constraints c, and penalties p. Both parameter sets are shown in Table III in the Appendix. The key difference between the two sets is to be found in tm min , the lower bound of the thickness modifiers tm, and the specification of d min , the minimum distance to the pivot. When applying Set A the beam is optimized using a constant thickness and without constraining the beam to enclose the pivot P. In contrast, when applying Set B the beam thickness can vary between 0.2 and 1 times the thickness base value t b and it is constrained to enclose P by enforcing c nl (7) . Subsequent to the shape optimization, a dimensioning procedure is conducted for each set of optimization parameters, respectively. First, a desired footprint size of the spring is defined and the corresponding ideal beam thickness base value t * b is determined. The desired footprint is described by a bounding box with prescribed height h s and width w s . A uniform scale factor s is determined such that the neutral line of the beam coincides tangentially with the inside of the bounding box. For this given in-plane size of the spring, the optimal beam base thickness t * b is defined as the value of t b which, when multiplied with the discretized thickness modifiers tm d to obtain the actual thickness t along the beam, results in a maximum simulated von Mises stress σ mises that equals a target stress
• σ , defined as the tensile strength σ t divided by a factor of safety FOS. The objective η for this unconstrained optimization problem is
The problem is solved with the MATLAB fminbnd() command, using the dimensioning parameters shown in Appendix  Table IV . Next, the ideal out-of-plane beam width w * b is determined, which is defined as the value of w b at which the amplitude of the moment curve a matches the requested amplitude a * . Since the moment amplitude is linearly proportional to the out-of-plane width w b , the optimal value w * b can be analytically determined from any out-of-plane widthw b and its corresponding moment amplitudeã through
The dimensioning is done for the material properties of PA 2200, as provided by the manufacturer data sheets [21] , [22] . They can be found in Appendix Table V . Furthermore, limitations of the laser sintering process are considered. For both the dimensioning procedure and the numerical evaluation, the weight of the beam itself is taken into account.
G. Nesting
As the variable thickness beam (Set B) encloses the pivot P, it allows the creation of the spring design Set C in which multiple scaled versions of the same beam design are nested in an array of parallel beams arranged concentrically around the pivot P. Each beam in this compound structure shares the same shape parameters as the variable thickness beam defined by Set B. However, for each beam the thickness base value t b is determined separately according to its scale factor s. For comparability, the dimensions of the outer beam are chosen to be identical with the original variable thickness beam and the width of all beams is chosen to be equal. The minimum distance between the beams is set to approximately 0.8 mm, in order to avoid fusing of the beams during laser sintering, and the smallest beam is determined by the minimum manufacturable beam thickness of 0.4 mm.
H. Performance Metrics
Gravity balancing quality, expressed in the objective δ, is considered to be the main performance metric in the scope of this paper, as it represents the fundamental function of the spring. However, for further comparison of the different spring designs secondary performance metrics are considered. These are the specific strain energy ε in respect to the fully deflected state, as well as the energy density ω in respect to the occupied bounding box volume during deflection V .
The total strain energy U that is stored in the spring in its fully deflected state is determined from the respective SPACAR simulation. The mass m is derived from CAD models. Division of U by m yields the specific energy ε of the spring, which can be used as a measure of the material utilization efficiency. The bounding box volume of the cumulative volume V that is occupied by the spring during a full deflection cycle is determined by multiplying the beam width w b with the corresponding envelope area A . The latter is obtained from generating the convex hull of the point cloud formed by all beam element nodes, that have been superimposed for all load steps of the SPACAR simulation. Division of U by V yields the energy density ω, which can be used as a measure of the space utilization efficiency.
III. EXPERIMENT A. Test Specimen
Specimens with smooth surfaces are obtained through further beam refinement. This is done in order to avoid stress concentrations at the transition between two discrete thicknesses. The refinement process is equivalent to increasing the number of beam elements in the simulation. Convergence studies showed that numerical results only change marginally when using more than the 50 beam elements, which are used for the dimensioning and for generating the computational results.
The physical test specimen are modeled such that the beam elements transition into large bodies (74x20x10 mm) at each end, which are used to mount specimen onto the test bench. For the nested spring design, extensions from these bodies connect to all parallel beams. The test specimens are made via plastic laser sintering on a EOS Formiga P110 using PA 2200, which is based on a polyamide 12.
Refer to Figure 5 for a comparison of the specimens and to Figure 6 to see the fixation to the test bench.
B. Test Setup
The experimental test setup, which is used to validate the simulation results is shown in Figure 6 . The frame is built using 40x40 mm aluminum profiles and 3 mm steel plate, mounted on a 25 mm thick aluminum optical plate. The profiles form a box shaped frame, which is closed on top by two traverse profiles and supported on the left side by two triangular sections. The box frame is closed to the left and the right by steel plates. Between the two steel plates a rotating lever made from 10 mm thick aluminum is supported on each side by a roller bearing mounted in the respective steel plate, held in place by housings made from polylactide (PLA) polymer. Above the rotational axis a transverse beam connects both plates and serves as a rigid interface to the frame. The test specimens are clamped to the lever on one side and to the traverse beam to the other side, using M6 screws. A short lever extension made from PLA is used to compensate for the geometry changes between specimens. To the left side, the lever is connected via a rigid coupling to a YUMO E6B2-CWZ3E digital quadrature encoder. The encoder is mounted on the steel plate using a PLA mount. To the right side, the lever connects to a timing pulley via a bellows coupling. The pulley is again supported by two roller bearings mounted to two opposing steel plates, using PLA housings. The plates are connected to each other by bolts that run through steel tubes that act as spacers. Both plates are fixed to the optical plate via aluminum profiles.
A timing belt runs over the pulley, from which it extends horizontally to one side and vertically downward to the other side. At the horizontal end the belt is connected to a MEMeßsysteme KM10z load cell. The load cell is mounted to its other side to a LinMot P01-23x160H-HP linear motor for actuation. The linear motor is fixed to a steel plate, which connects to the box shaped frame via aluminum profiles. At the downward end of the belt a counter-mass is attached, which provides the required belt tension for two-way actuation.
Electrically, the linear motor is connected to a LinMot B1100-VF-HC linear motor driver, which is connected to a PC via the RS-232 serial port. The force sensor is connected to a ME-Meßsysteme GSV-11H 010-5/20/2 measuring amplifier. The amplifier and the digital encoder both connect to a National Instruments BNC-2110 adapter, that sends the signals to a National Instruments PCI-6221 multifunction I/O device. The linear motor is controlled with command tables using the proprietary software LinMot-Talk. Sensor read-outs are performed using Simulink Real-Time.
C. Data Acquisition
Prior to every measurement, the lever performs a homing procedure using the end-stop bracket to set the initial motor position and encoder angle. The measurements begin at an initial inclination to avoid static indetermination at the upright vertical position due to friction in the system. From that initial angle the lever moves to the upright vertical position (θ = 0), to the downright vertical position (θ = π ), and back to the upright vertical position (θ = 0), which marks the end of the measurement. The measurement data are obtained at a constant angular velocity of A target angle-moment characteristic is defined as
where the factor
• a is equal to the maximum absolute amplitude of the mean spring characteristic. Subtracting the target characteristic from the spring characteristic, yields the balanced angle-moment characteristic. For a movie showing the compound spring specimen (Set C) performing one load cycle on the test setup, please refer to supplementary file 5.
IV. RESULTS

A. Computational Results
For all presented results the respective optimizations exited normally and without any constraint violations. Multiple runs for each set of optimization parameters were performed with different optimizer settings, in order to avoid local minima and to increase the chance of finding the global optimum.
The sets of optimized parameters for Set A and Set B are shown in Table VI and the dimensions are given in Table VII in the Appendix. The dimensions of all six beams that constitute the compound beam Set C are shown in Appendix Table VIII. A significant difference between the dimensions is the out-of-plane width, which is 34.3 mm for Set A and 6.6 mm for Set B and Set C.
The final beam geometries are shown in Figure 7 for different deflected states.
The corresponding moment response curves are shown in Figure 8 . Note that, while the balancing behavior of Set C is qualitatively equivalent to Set B, the absolute amplitude of the moment curve has increased to 2.45 Nm. For a version of Figure 7 using the jet color map and animations of the deflecting beams, please refer to the supplementary files 1 -4.
A comparison of the performance metrics of all spring designs is given in Table I .
The balancing errors for Set A, Set B and Set C as determined by the normalized mean absolute error (δ) are 2 %, 1.5 % and 1.7 %, respectively. Furthermore, it can be seen that the specific energy ε in the variable thickness designs is 94-96 % higher compared to the constant thickness design. In addition, the energy density ω increases by 277 % from constant to variable thickness, and further by 145 % from single beam to compound design, constituting a total increase of 823 % from Set A to Set C.
B. Experimental Results
The results in Figure 9 all show a pronounced hysteresis field. The balancing error between the mean spring characteristic and the target spring characteristic, listed in Table II , is expressed in terms of the mean absolute error (MAE), the root mean square error (RMSE) and their normalized counterparts, NMAE respectively NRMSE. Normalization is achieved through devision by the target amplitude 
V. DISCUSSION
A. Synthesis Method
While the original rationale to use the thickness as an additional design parameter was to gain more design freedom in order to allow for concentric stacking of beams, the results suggest that doing so, in addition, leads to an increased specific energy and energy density of the spring. The variable thickness approach appears particularly well suited to reduce the out-of-plane width. The variable thickness spring design Set B features a width, that is 81 % smaller in respect to the constant thickness counterpart Set A. However, along with the decrease in width the in-plane area covered by the variable thickness spring during deflection A increased by 40 %. The nesting approach, on the other hand, appears well suited to reduce that in-plane area. By elimination of the outer beam of the presented nested design Set C the in-plane area can be reduced by 37 %, while maintaining a load capacity which is still higher than that of the original variable thickness spring Set B. Therefore, a promising direction for future work appears to specifically optimize springs towards an increased stack density of nested beams.
Still, the number of investigated designs is low and increasing the specific energy and the energy density were not immediate optimization objectives in this study. The complex relationship between the admitted amount of thickness variation, the resulting beam shape and achievable number of nested beams as well as their specific influence on gravity balancing quality, specific energy and energy density remain unclear.
B. Experimental Validation
The quality of the experimental validation is impaired by the choice of the spring material. The specimen made from laser sintered PA 2200 exhibit significant viscoelastic behavior. This negatively influences the validity of the presented results. Aside from the pronounced hysteresis, shown in Figure 9 , a positive correlation between the stiffness and the testing speed was observed. Furthermore, performing Figure 8 ). This diagram shows that for all specimens the gravity load is mostly balanced throughout the entire range of motion with general trend of a slightly increasing deviation towards full deflection at π rad.
consecutive experiments led to a rapid degradation of the desired mechanical behavior.
C. Application
Based on a Wilmer elbow orthosis [12] and the Set C spring design a proof-of-concept prototype of an Assistive Elbow Orthosis (AEOs) is built, which is shown in Figure 10 . This prototype illustrates the close lateral alignment of the spring to the orthosis and thus to the body of the wearer.
A lateral positioning appears conceptually advantageous, as in this configuration the spring does not impede tactile sensation on the backside of the arm, e.g., when resting the elbow Fig. 10 . Wearable proof-of-concept prototype of the Assistive Elbow Orthosis (AEOs). It consists of a Wilmer elbow orthosis [12] and a laser-sintered PA 2200 spring based on Set C, illustrating the lateral spring alignment. The orthosis is locked in the extended position. and forearm on an object. The total weight of the device is 0.213 kg.
However, since the spring design from Set C has not been adapted for increased wearability, its in-plane size remains too large to be worn underneath clothing. In future devices, a trade-off between using beams with smaller in-plane size and larger out-of-plane width may lead to a more favorable design. Dividing the effective out-of-plane width between two springs that are worn on either side of the arm may be done to mitigate lateral protrusion from the body. In addition, other materials may be investigated to further reduce the size of the spring and to avoid mechanical degradation due to creep and stress relaxation. For a movie showing the wearable prototype used by a healthy subject, refer to supplementary file 6. For a CAD model of the wearable spring shown in Figure 10 , refer to supplementary file 7.
Extending the presented synthesis method to the other joints of the human upper and lower limb seems largely feasible. In many cases, the same spring designs as presented in this paper can be used for that purpose. However, a few limitations and design challenges arise.
Due to the planar design of the spring it can only balance a single rotational degree of freedom. Proper alignment of the rotational axis of the spring to the balanced degree of freedom in the joint has to be ensured. This can pose a challenge for joints that have multiple degrees of freedom, large ranges of motion and shifting rotation axes.
Since collision with the wearer is disregarded and the nesting procedure attempts to use the entire space within the spring, a lateral alignment is always assumed.
Due to its passive nature, one side of the spring needs to maintain a fixed orientation relative to the gravity vector. Balancing of multiple joints across body segments can be achieved by decoupling mechanisms as shown in [15] . However, the technical embodiment may lead to and increased complexity, size and weight of the device and may impede the mobility of the affected joints.
For the shoulder joint specifically, a design with a fully extended initial lever position appears more favorable, as to avoid the fixed side of the spring being above the shoulder. Implementing this would require changes to the topology and task definition, which is left for future study.
VI. CONCLUSION
This study is the first to explore variable thickness beam profiles as well as concentric nesting of beams in the context of gravity balancing flexure springs. Utilizing the presented synthesis method, three spring designs are obtained, which exhibit gravity balancing behavior. The error in balancing quality is ≤2 % in simulation and 5-11 % in experiment. By employing a variable thickness profile along the beam, the out-of-plane width is reduced drastically, by 81 % in the presented case, and the energy to weight ratio is increased by 94 % in comparison to the constant thickness design. Furthermore, this novel approach provides the additional design freedom to enable concentric nesting of multiple differently-sized beams. The resulting nested spring design exhibits a 145 % increase of storable elastic energy compared to its single beam counterpart, while preserving the same outer dimensions.
These results show that employing the presented design methodology, gravity balancing springs can be obtained which ultimately feature a smaller size and a lower weight than comparable predecessors. In the context of passive gravity balancing exoskeletons the presented nested spring design offers a promising solution to increase wearability and decrease conspicuity, which are important criteria to promote the adoption of assistive devices for daily use. The proof-of-concept prototype illustrates a practical implementation.
APPENDIX
See Tables III-VIII. 
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